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Fractional Derivative: nonlocal

♣ 1695 L’Hôpital: letters with Leibniz ( d
n

dtn , n = 1
2)

♣ 1832 Liouville: fractional integral/derivative

Dβf(t) =
d

dt

(
I1−βf

)
, 0 < β < 1

where (I1−βf)(t) :=
1

Γ(1− β)

∫ t

0
(t− s)−βf(s)ds.

Motivation:

(Inf)(t) =
1

(n− 1)!

∫ t

0
(t− s)n−1f(s)ds (Cauchy formula)
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Time-fractional equation

∂βt u = ∆u, 0 < β < 1.

♠ anomalous diffusions (exhibiting sub/slow-diffusive behavior)

♠ mean squared displacement of a diffusive particle: C · tβ

• Mechanics (theory of viscoelasticity and viscoplasticity)

• Bio-chemistry (modelling of polymers and proteins)

• Electrical engineering (transmission of ultrasound waves)

• Medicine (modelling of human tissue under mechanical loads)

Wei Liu (JSNU) Time-Fractional SPDE Changsha 2021 5 / 19



Time-fractional equation

∂βt u = ∆u, 0 < β < 1.

♠ anomalous diffusions (exhibiting sub/slow-diffusive behavior)

♠ mean squared displacement of a diffusive particle: C · tβ

• Mechanics (theory of viscoelasticity and viscoplasticity)

• Bio-chemistry (modelling of polymers and proteins)

• Electrical engineering (transmission of ultrasound waves)

• Medicine (modelling of human tissue under mechanical loads)

Wei Liu (JSNU) Time-Fractional SPDE Changsha 2021 5 / 19



Time-fractional equation

∂βt u = ∆u, 0 < β < 1.

♠ anomalous diffusions (exhibiting sub/slow-diffusive behavior)

♠ mean squared displacement of a diffusive particle: C · tβ

• Mechanics (theory of viscoelasticity and viscoplasticity)

• Bio-chemistry (modelling of polymers and proteins)

• Electrical engineering (transmission of ultrasound waves)

• Medicine (modelling of human tissue under mechanical loads)

Wei Liu (JSNU) Time-Fractional SPDE Changsha 2021 5 / 19



Time-fractional equation

∂βt u = ∆u, 0 < β < 1.

♠ anomalous diffusions (exhibiting sub/slow-diffusive behavior)

♠ mean squared displacement of a diffusive particle: C · tβ

• Mechanics (theory of viscoelasticity and viscoplasticity)

• Bio-chemistry (modelling of polymers and proteins)

• Electrical engineering (transmission of ultrasound waves)

• Medicine (modelling of human tissue under mechanical loads)

Wei Liu (JSNU) Time-Fractional SPDE Changsha 2021 5 / 19



Probabilistic solution

∂βt u = ∆u, 0 < β ≤ 1.

• β = 1: Brownian motion W (t)

• β = 1
2 : iterated Brownian motion W (|Bt|)

• 0 < β < 1: subordinated processes W (Et) (X(Et) : ∆→ L)

♣ Baeumer/Meerschaert/Nane [TAMS ’09]; Orsingher/Beghin [AP ’09];

Meerschaert/Nane/Vellaisamy [AP ’09]; Chen et al [JFA ’20]· · ·

• Slow diffusion: CTRW with long rests

♣ Metzler/Klafter, The random walks guide to anomalous diffusion: a

fractional dynamics approach. Phys. Rep. 339(2000), 1-77.
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Time-fractional derivative (memory effects)

We consider SPDE with time-fractional derivative

∂βt X(t) +A(t,X(t)) = ∂γt

∫ t

0
B(s)dW (s), 0 < t < T,

where ∂βt (0 < β < 1) is the Caputo fractional derivative defined by

∂βt f(t) =
d

dt

(
1

Γ(1− β)

∫ t

0

f(s)−f(0)

(t− s)β
ds

)
.

X(t) = X(0)− 1

Γ(β)

∫ t

0
(t− s)β−1A(s,X(s))ds

+
1

Γ(1 + β − γ)

∫ t

0
(t− s)β−γB(s)dW (s).
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SPDE with time-fractional derivative

• X. Zhang [JFA ’10]: Stochastic Volterra equations

• Cui/Yan [J.Phys.A. ’11] Sakthivel et al [NA ’13]: neutral/delay (γ = 1)

• Chen Z./Kim/Kim [SPA ’15]: L2-theory

• Mijena/Nane [SPA ’15; PotA ’16]: space/time-fractional SHE (γ = β)

• Chen/Hu/Hu/Huang [S ’17]: space/time-fractional diffusion (γ = β)

• Chen L. [TAMS ’17] Chen L./Hu/Nualart [SPA ’19]: 0 < β < 2

• Foondun, Nane et al [SPA ’17, Math. Z. ’17]

• Kim/Kim/Lim [AOP ’19] · · ·

Semilinear type (all above works)
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Motivations: Well-posedness of Quasi-linear SPDE

Fractional (stochastic) porous medium equation (e.g.Ψ(x) = xm,m > 0)

∂βt X(t) = ∆Ψ(X(t)) + ∂γt

∫ t

0
B(s)dW (s). (1)

Fractional (stochastic) p-Laplace equations (p ≥ 2)

∂βt X(t) = div
(
|∇X(t)|p−2∇X(t)

)
+ ∂γt

∫ t

0
B(s)dW (s). (2)

♣ Caputo [Geothermics ’99]: fluids in porous media with memory

♣ Castillo-Negrete et al [PRL ’05]: Nondiffusive transport in plasma

♣ Vergara/Zacher [SIAM JMA ’15]: decay estimates

(assuming the existence of solutions)
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Main assumptions V ⊂ H ⊂ V ∗

∂βt X(t) +A(t,X(t)) = ∂γt

∫ t

0
B(s)dW (s), X(0) = X0, (3)

where A : [0,∞)× V → V ∗, B : [0,∞)→ LHS(U ;V ).

(H1) (Hemicontinuity) s 7→ V ∗〈A(t, v1 + sv2), v〉V is continuous on R.

(H2) (Monotonicity) V ∗〈A(t, v1)−A(t, v2), v1 − v2〉V ≥ 0.

(H3) (Coercivity) V ∗〈A(t, v), v〉V ≥ δ‖v‖αV − g(t).

(H4) (Growth) ‖A(t, v)‖V ∗ ≤ g(t)
α−1
α + C‖v‖α−1

V .

Here α > 1, δ > 0 and g ∈ L1([0,∞);R+).
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Theorem (L./Röckner/Silva, SIAM J. Math. Anal. 2018)

Suppose that A satisfies (H1)-(H4), B ∈ L∞([0, T ], LHS(U ;V )) if

γ < β + 1
2 or B ∈ L2([0, T ], LHS(U ;V )) if γ ≤ β, then for every

X0 ∈ Lα(Ω,F0;V ) (3) has a unique Ft-adapted solution and satisfies the

following regularity property:

X ∈ Lα([0, T ];V ); ∂βt X ∈ L
α
α−1 ([0, T ];V ∗), P− a.s.

Applicable examples:

A(·, u) = −∆(|u|r−1u) (r > 1);

A(·, u) = −div(|∇u|p−2∇u) (p > 1);

A(·, u) = (−∆)αu (
1

2
< α ≤ 1).
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Main idea of the proof

♦ Solvability of Au− Λu = f

where A is pseudo-monotone/coercive, Λ satisfies admissible condition.

♦ Admissible: Λ with domain D(Λ,H) is a generator of C0-contraction

semigroup of linear operators on H and its restriction to V form a C0-

semigroup of linear operators on V.

♦ Λ := −∂βt is admissible.

♠ W. Stannat, The theory of generalized Dirichlet forms and its appli-

cations in analysis and stochastics. Mem. AMS 142 (1999), 101 pp.
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⇒ generalized time-fractional derivatives

Consider SPDE with generalized time-fractional derivatives

∂∗kt X(t) +A(t,X(t)) = ∂∗k1t

∫ t

0
B(s)dW (s), X(0) = X0, (4)

where

∂∗kt u := ∂t(k ∗ u) :=
d

dt

∫ t

0
k(t− s)u(s) ds, t ∈ [0,∞),

for k ∈ L1
loc([0,∞)), k ≥ 0, non-increasing and right-continuous.
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Examples of time-fractional derivatives

♠ Liouville/Caputo derivative k(t) := g1−β(t) = t−β

Γ(1−β) .

♠ Distributed order derivative k(t) :=
∫ 1

0 gβ(t) dβ.

♠ Exponential weight derivative

k(t) := g1−β(t)e−λt =
t−β

Γ(1− β)
e−λt.

♠ Multi-term derivative k(t) := g1−β(t) + g1−α(t).

♠ · · · · · ·

Wei Liu (JSNU) Time-Fractional SPDE Changsha 2021 15 / 19



⇒ Weakly monotone case

∂∗kt X(t) +A(t,X(t)) = ∂∗k1t

∫ t

0
B(s)dW (s), X(0) = X0, (5)

where A : [0,∞)× V → V ∗, B : [0,∞)→ LHS(U ;V ).

(H2) (Weak Monotonicity)

V ∗〈A(t, v1)−A(t, v2), v1 − v2〉V ≥ −C‖v1 − v2‖2H .

♣ Existence and uniqueness: [L./Röckner/Silva, JFA 2021]
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Main idea of the proof

Key I: −∂∗kt is the generator of following C0-semigroup

Ukt f :=

∞∫
0

Usf µ
k
t (ds) = f ∗ µkt , t ≥ 0,

where µkt ← ψk(Bernstein function)←Mk(measure)← k .

Key II: −∂∗kt on a properly weighted L2-space is strongly dissipative∫ ∞
0

V ∗〈∂∗kt u(s), u(s)〉V e−γsds ≥
1

2
ψk(γ)

∫ ∞
0
‖u(s)‖2He−γsds.
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